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Abstract 

We study Calabi-Yau 3-folds with infinitely many divisorial con- 
tractions. We also suggest a method to describe Calabi-Yau 3-folds 
with the infinite automorphism group. 



Introduction 

A smooth complex projective n-dimensional variety A is a Calabi-Yau re- 
fold (C-Y n-fold) if A x = and h l (O x ) = 0. If the Abundance Conjecture 
and the Minimal Model Conjecture are true, a Q-factorial terminal n-fold 
Y with Kodaira dimension k(Y) = is always birationally equivalent to a 
Q-factorial terminal n-fold A with Kx = (jHj, CD])- We can regard C-Y 
n-folds as special cases of this. As is well-known, for a smooth K3 surface S, 
the nef cone A(S) is rational polyhedral if and only if Aut S is finite (|22j). 
Moreover if a K3 surface S with infinite Aut S contains a — 2-curve, then 
S contains infinitely many — 2-curves ([El)- in the same way, the Morrison 
Cone Conjecture ()2.1|) states that for a C-Y 3-fold A the nef cone A(X) 
is rational polyhedral if and only if Aut A is finite. By analogy with K3 
surfaces and C-Y 3-folds, if a C-Y 3-fold A with infinite Aut A admits a 
divisorial contraction, it is highly likely that it admits infinitely many such. 
In addition to this, a C-Y 3-fold always admits a birational contraction when 
its Picard number is more than 13 ( 2J). In this context, it seems worthwhile 
to study C-Y 3-folds with infinitely many divisorial contractions. One of the 
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aim of this article is to give a characterization of C-Y 3-folds which admit 
infinitely many divisorial contractions (see Theorem IU.31 See also Theorem 
13.61 and Remark 13 .81 for the precise statement). 

Another aim of this article is to suggest a method to describe C-Y 3- 
folds X with infinite AutX. If we have such X, then A(X) H 7^ {0} 
fRemark l2.3|) . where c 2 (= c 2 (X)) is the second Chern class of X. If A(X)Dc2 
contains the class of a rational divisor, it is likely (cf. Conjecture I1.2J1 that 
some multiple of the divisor determines a nontrivial contraction ip : X — > Y 
satisfying (p*H-C2 = for an ample divisor H on Y. We call such a contraction 
C2- contraction. In this context our first task to describe C-Y 3-folds with 
infinite Aut X is to: 

(i) describe C-Y 3-folds X with infinite Aut X such that X does not admit 
any nontrivial C2-contractions. 

I guess such X has the small Picard number greater than 2. Secondly we 
should: 

(ii) classify C-Y 3-folds which admit a nontrivial C2-contraction. 

Presumably we can do this because we have the remarkable classification of 
C-Y 3-folds X admitting a C2-contraction <p : X — * Y in the case dim Y > 2 
by K. Oguiso (cf. [2U| or Theorem 13 .3|) . Next we should: 

(iii) determine which C-Y 3-folds in the list obtained by (ii) have infinite 
AutX. 

If we carry out these, we can describe all C-Y 3-folds with infinite Aut A. 

In Section Q we prove several lemmas for the latter use. Let I(= Ix) be 
the index of the set {<Pi} i& f of all possible divisorial contractions on a C-Y 
3- fold X and let us denote the exceptional divisor of </?j by E\. The most 
important lemma in Section ^ is: 

Lemma 0.1. (— Proposition \l.l(A + Remark ll.R ) Let J be an infinite subset 
of I. Then there exist 1, 2, 3 £ J such that E\ + E 2 + E 3 is nef. 

We use this lemma in Section El to construct a nontrivial C2-contraction on 
C-Y 3-folds with infinitely many divisorial contractions. 

In Section |21 we give a partial answer to the following conjecture. Put 
A(X) e := {x £ A{X) J C2 • x > eH 2 ■ x} for an ample divisor H on X and 
let e be a positive real number. 
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Conjecture 0.2. (=GomectureWb\) Let X be a C-Y 3-fold. 

(i) Let if : X — > Y be a contraction such that ip*A(Y) C A(X) € . Then the 
cardinality of the set of such ip is finite. 

(ii) Let ip : X — > Y be a contraction such that ip*A(Y) C A(X) e . Then 
A(Y) is rational polyhedral. 

If AutX is infinite, then A(X) is not rational polyhedral fRemark 12. 3|) . 
Hence Conjecture IU. 21 means the shape of A(X) is complicated near A(X) D 
c^. We expect this "complexity" produces a rational point on *4.(X)nc^\{0}. 

In Sectional we consider C-Y 3- folds with infinitely many divisorial con- 
tractions. Define / C2 * := {z G I | Ei ■ c 2 * 0}, where * is <,= or >. The 
main result of Section |3] is: 

Theorem 0.3. (See Theorem, \3. 61 for the precise statement.) Assume that 
I C2 =o is infinite for a C-Y 3-fold X . Then there exist a K3 surface S con- 
taining infinitely many smooth rational curves, an elliptic curve E and a 
finite Gorenstein automorphism group G of S x E such that X is birational 
to (S x E)/G. 

In the proof of Theorem 10.31 we use Lemma 10.11 to prove the existence of 
a nontrivial C2-contraction on X and we use the Oguiso's classification to 
determine the structure of X. Hence Theorem 10 .31 is regarded as a realization 
of the method to describe C-Y 3-folds with infinite Aut X we mention above. 

Finally, in Section 0] we construct C-Y 3-folds with |/ C2 =o| = °°- hi 
passing, we show that the set I C2 <o is always finite in Corollary 11.111 and 
Remark 11.51 I do not know any examples of C-Y 3-folds with |/ C2 >o| = oo. 

Notation and Convention 

(i) When a normal projective variety X over C has at most rational Goren- 
stein singularities and it satisfies ^(Ox) = and Kx = 0, we call it 
a C-Y model. X always means a C-Y 3-fold and a C-Y model means 
a 3-dimensional C-Y model throughout this paper unless we specify 
otherwise. 

(ii) For a n-dimensional projective variety X, let A(X) denote the cone 
generated by ample divisors in iV^X) and A e (X) denotes the effective 
nef cone, namely, the cone generated by nef effective divisors in N 1 ^). 
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Let us denote the cone {x G N\X) | x n = 0} by W. Suppose the 
symbol * denotes >, > etc. For a real divisor D on X and a constant 
c, set D« := {z G iVi(X) | (D ■ z) *c} U {0}. Moreover [D] denotes the 
element in iV^X) corresponding to D. For a real 1-cycle z, define the 
subspace z* c of N l (X) and the class [z] G Ni(X) in the similar way. 
Define NE(X) D , := NE{X) n D* - 

(iii) For a C-Y 3-fold X, we can regard the second Chern class C2(X) as a 
linear form on H 2 (X,Z*). We often abbreviate it by c 2 in this article. 
As is well-known, c 2 • x > for all x G ^4(X) by Y. Miyaoka (pH)- We 
define *4(X) e := A(X) fl (02 — eH 2 )> for a fixed ample divisor if and 
a positive real number e. 

(iv) We use the terminology terminal, canonical, kit (Kawamata log ter- 
minal), ic (log canonical) and pit (purely log terminal) for a log pair 
(X, A) in the sense in ^U|, but we always assume that A is effective in 
these definitions. Kit is same as log terminal in jHj. We also use the 
terminology semismooth in the sense in j^J. 

(v) The term contraction means a surjective morphism between normal 
projective varieties with connected fibers and thus contractions consist 
of the fiber space case and the birational contraction case. Let Ix(= 
I) be the index of the set {(pi \ X — > Yj}j e / of all possible birational 
contractions of type III on a C-Y 3-fold X (see Definition 11.11 for this 
terminology). For i G I, let Ei be the exceptional divisor of <pi, Cj 
the irreducible curve (fi(Ei) and a general fiber of y^l^: Ei — > C{. 
It is known that Ei ■ F 4 = —2. Furthermore let us denote by Vi the 
image of the closed cone of curves NE(Ei) under the natural map 
N\(Ei) — > Ni(X). We know that Vi is a 2-dimensional cone (see Fact 
(iii)) generated by the rays IR> [.Fj] and R>o[ui], where Vi is a real 1- 
cycle. 

(vi) We denote the biregular (respectively, birational) automorphism group 
of a variety X by AutX (respectively, BirX). 

(vii) If V is given as Vq®M for some Q- vector space Vq, a rational polyhedral 
cone is a closed cone generated by a finite set of rational points. A cone 
C is locally rational polyhedral at a point x if there is a neighborhood U 
of x and a rational polyhedral cone V such that C HU — VflU. Let £ 
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be a open cone in V. We say that a cone C is locally rational polyhedral 
in £ if C is a rational polyhedral at every point in S. 
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1 Divisorial contractions on C— Y 3-folds 

We say that a birational contraction ip: X — > Y between normal projec- 
tive varieties is primitive if p(X/Y) = 1. We classify a primitive birational 
contraction on a Q-factorial C-Y model according to the dimensions of its 
exceptional set and its image. 

Definition 1.1. We say that a primitive birational contraction on a (3- 
dimensional) C-Y model is of type I if it contracts only finitely many curves, 
of type II if it contracts an irreducible surface to a single point and of type III 
if it contracts an irreducible surface to a curve. Hence a primitive birational 
contraction is, so called, a small (respectively, divisorial) contraction if it is 
of type I (respectively, type II or III). Every birational contractions on a 
Q-factorial C-Y model is one of types I, II and III. 

Let (p : X — > Y be a birational contraction on a n-dimensional C-Y model 
X. Let H, H' denote ample divisors on X, Y respectively. Since A := 
— H + mp*H' is effective for sufficiently large m, the pair (X, eA) defines a 
log variety with kit singularities for < e <C 1. Therefore we can regard <p as 
a Kx + eA-extremal face contraction and so we may apply theory of the log 
Minimal Model Program (log MMP) to study <p. All of the following facts 
come from theory of the log MMP ( [E] , JU] ) . 

Fact 
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(i) Since -(K^+eA) is y?-ample, the cone NE(X/Y) is rational polyhedral 
by the cone theorem. 

(ii) Since every extremal face contraction can be decomposed into ex- 
tremal ray contractions, we can write (p = ip m o ■ ■ ■ o ip^, where ipi 
is a primitive contraction and m = p(X/Y). A contraction p cor- 
responds to a codimension m face A m of A(X), not entirely con- 
tained in W, which is just the image of A(Y) under the injection 
p* : A^ 1 (y) — > X^X). Thus a decomposition of p corresponds to a 
sequence of faces A := A(X) > Ai > • • • > A m , where Aj is a 
codimension 1 face of A i+ i. 

(iii) Since the image of p* : Pic(Y) — > Pic(X) coincides with 

{D E Pic(X) | D ■ z = for all z e {<p*H') 1 ' n ~NE{X)} 

and since X is a C-Y model, Y is also a C-Y model. We also obtain 
an exact sequence 

-> N X {X/Y) -> iVi(X) -> iVi(y) -> 0. 

Assume that dimX = 3. Pick i G I. From the exact sequence above, 
we know that is a 2-dimensional cone in Ni(X). 

(iv) Let X be a C-Y 3- fold and L an effective nef divisor on it. Since 
(X, eL) is a kit pair for < e <^ 1 and Xx + e£ is nef, we know that 
L is semiample by the log abundance theorem (jjj, see also [T7j). 

Conjecture 1.2. Let X be a C-Y 3-fold and L a nef divisor on it. 
Then L is semiample. 

If L ■ c 2 > 0, we can show that L is effective (j2H])- So in this case, 
Conjecture 11.21 is true. 

(v) By the cone theorem for kit pairs, the nef cone A(X) is locally rational 
polyhedral inside the cone W. See |£], [Sj and for the proof. 

In passing, for a C-Y 3-fold X and an effective divisor A on it such that 
the pair (X, A) has at most kit singularities, if every Kx + A-extremal ray 
corresponds to a divisorial contraction, the number of Kx + A-extremal rays 
is finite by the observation in Fact (iii). On the other hand, the pair of the 
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C-Y 3- fold X constructed by C. Schoen (cf. and some effective divisor 
A on I gives an example where NE(X)k x +a<o contains infinitely many 
extremal rays corresponding to contractions of type I ( J5|). This supplies a 
negative answer for the problem stated in (4-2-5) jH], i.e. for a kit pair (X, A) 
with k(X, Kx + A) > 0, is the number of Kx + A-extremal rays finite? But 
I still feel (4-2-5) ibid, is affirmative when A is trivial. 

We have the following result by V. V. Nikulin [TH], p282. 

Proposition 1.3. The sets I 1 := {i G / | Ei is an exceptional divisor of two 
different divisorial contractions } and I 2 := {z G / | there exists j E I such 
that either Ei ■ Fj > and Ej ■ Fi = or Ej ■ Fi > and Ei ■ Fj = 0} are 
finite. 

Lemma 1.4. Let X be a Q-factorial C-Y model with its Picard number p. 
Define K { := { j G I | E { n Ej ^ 0} for i G I. 

(i) Assume J C /. If \J\ > p, there exist i, j G J such that Ei D Ej is not 
empty. 

(ii) There is no subset J G I such that J satisfies the following property 
(*). 

(*) Assume that we have 1, . . . , n G J such that i G J\ Ul=i Kk f or a ^ 
i<n. Then J\{f k=l K k ^$. 

(Hi) Assume J d I such that \J\ = oo. Then there exists i G J such that 
\Ki H J\ = oo. In particular, there exists an infinite subset J'c J such 
that Ei PI Ej is not empty for all i,j G J' . 

Proof, (i) Assume that we have elements 1, . . . , p G J such that Ei fl Ej is 
empty for all % ^ j. Then there exists a nontrivial relation H k=1 akEk + aoH 
for a fe G 1R and some ample divisor H . Then because £^ • Fj = if and 
only if i ^ j, the numbers • ao > for all /c. This is absurd, since 
(Ea k E k + a H) ■ H 2 ^ 0. 

(ii) If J satisfies (*) then we have 1, . . . , p G J such that ^ Ui=i ^ ^ or 
all k < p. This contradicts (i). 

(iii) Assume that Ki fl J is finite for all i £ J. By |J| = oo, J satisfies 
(*) in (ii). The second statement follows from the first one. □ 

Remark 1.5. Every exceptional divisor of a birational contraction of type II 
does not meet each other. Therefore the number of contractions of type II is 
finite by the same proof of (i) above. 
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Lemma 1.6. For general i £ I (namely, all but a finite number of i G I) 
NE(X)=7fE(X) Ei > + R> [F i \. 



Proof. It is enough to check the finiteness of J := U I 2 U \i G I | 

NE(X) = NE(X) Ei > + E> [Fi]}). For i G J, not only R> [Fi\ but also 
]R>o[fj] is a Kx + e-Ej-extremal ray. Then R> [i>j] determines a birational 
contraction of type I. If J is infinite, there exists an infinite subset J' C J 
such that EiHEj is not empty for all i,j G J' by Lemma IPI Then M> [t>j] = 
M>o[fj] for all i,j G J'. Let ip: X — > Y be the associated contraction of type 
I and H a general hyperplane section on Y, and define U := (p(Ei)\n for 
i 6 J', Then since U ■ lj = on H if and only if i ^ j, the Z^'s are linearly 
independent in Ni(H). This is absurd. □ 

Pick i G J, Define ^ =min{t G R I -Bj + ti? is nef }, where if is a fixed 
ample divisor on X. {t{\ denotes the round up of £j. 

Lemma 1.7. £j < 4 /or a// i G I. 

Proof. If i?j is normal, Ei has at most RDP. By the inversion of adjunction, 
(X, Ei) has at most pit singularities. If Ei is non-normal, Ei is semismooth 
(|27j). Then we use the inversion of adjunction again and know (X,Ei) has 
at most lc singularities. In both cases, we can apply the rationality theorem 
([01) for the kit pairs (X, (1 — e)Ei) for sufficiently small positive rational 
numbers e and we obtain the statement. □ 

Lemma 1.8. Let J C I and let H be an ample divisor on X . Assume that 
there exist an integer N and z G NE(X) such that z ■ Ei < N for all i G J. 

(i) Let e be a positive real number. Then the set J e (z) := {z G J 
f*A(Yi) C (z-eH 2 )>q) is finite. 

(ii) If z is in the interior of NE(X), J is finite. 

Proof, (i) By Lemma we may assume that Ei + tiH G ip*A(Yi) for all 
i G J e (z). Then we get (Ei+{U}H)-(z-eH 2 ) > ({U}-ti)H-(z-eH 2 ) >_0 and 
(Ei+{ti}H)-z < N+AH-z^: c. Thus Ei+{U}H G (z-eH 2 )> C]z< c nA(X). 
Since (z — eH 2 )> R z< c fl A(X) is a compact set, J t is finite. 

(ii) This is the special case of (i). □ 
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Let D be a prime divisor on X. By the Serre duality for a Cohen- 
Macaulay surface D, 

X (O d ) = x(oo D ) = x(O d (D)) = x(O x (D)). 

Combining this equality with the Riemann-Roch theorem for a C-Y 3-fold 
X, we obtain: 

Lemma 1.9. For a prime divisor D on X, we have 

X (0 D ) = (l/6)D 3 + (l/12)D-c 2 . 
The following proposition is a key to prove Theorem 13.61 

Proposition 1.10. Let J be an infinite subset of I . Then there exist 1, 2, 3 G 
J such that Ei + E 2 + E 3 is nef. 

Proof. We may assume that ~NE(X) = NE(X) Ei >o + ^>o[Fi] for all z 6 J 
by Lemma and that Ei ■ Fj > for all different i,j G J by Proposition 
Oand Lemma Qffi). Pick 1,2,3 G J. Then (E 1 + E 2 + E 3 ) ■ F { > for 
i = 1, 2, 3. Thus E 1 + E 2 + E 3 is nef. □ 

Note that the nef divisor E% + E 2 + E 3 is semiample by Fact (iv). By Propo- 
sition the set {i G / | Ei ■ z < 0} is finite for a pseudo-effective element 
^ G Nt(X), i.e. ^ • x > for all x G A(X). 

Corollary 1.11. The sets I C2 <o '■= {i E I \ E^ ■ c 2 < 0} ; {i E I \ E^ is a 

Hirzeburch surface } and l^p {i G I Ei is a generalized del Pezzo surface 
} are finite. 

Proof. Because c 2 is pseudo-effective on minimal model 3-folds by jT3], the 
set I C2 <o is finite. For i G / such that Ei is a Hirzeburch surface, Ei - c 2 = —4 
by Lemma 11.91 Next suppose that l^p is infinite. By Proposition 11.31 and 
Lemma ll.4f iii). we may assume that Ei ■ Fj > for all different i,j G Idp- 
Then there exists a real 1-cycle v such that K>oH = K>o[^i] for all i G Idp- 
This is absurd, since Ei ■ v < for all i G Idp- □ 
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2 The second Chern class and the nef cone 



Let us remember the following conjecture of D. Morrison concerning the 
finiteness properties of the nef cones ([H], jS])- We refer to 12.11 as the Mor- 
rison Cone Conjecture. 

Conjecture 2.1. Let X be a C-Y n-fold. The number of the Aut X-equivalence 
classes of faces of the effective nef cone A e (X) corresponding to birational 
contractions or fiber space structures is finite. Moreover, there exists a ratio- 
nal polyhedral cone U which is a fundamental domain for the action of Aut X 
on A e (X) in the sense that 

(i) A%X) = {J aeAutX a*Tl, 

(ii) Int Ilfla, Int U = unless a* = id. 

Let if be a nef and big divisor on a (3-dimensional) C-Y model Y. Set 
Aut(Y, H) := {a G Aut F | a*H = H}. 

Lemma 2.2. Let Y , H be as above. Then the group Aut (Y, if) is finite. 

Proof. Let ip : Y — > Z be the birational contraction defined by the free com- 
plete linear system mH for sufficiently large integer m. Take an element of 
Aut(Y, if). Then it descends to an element of Aut (Z, if'), where if' is an 
ample divisor on Z such that ip*H' = mH. On the other hand, the natural 
map Bir Y — > Bir Z is injective, hence it is enough to prove the finiteness 
of Aut(Z, H'). Grothendieck proved that Aut (Z, if) is a projective scheme, 
in particular, it has finitely many components. On the other hand, because 
H°(Y, T z ) = by Corollary 8.6, 3j, Aut Z is discrete and thus Aut(Z, H') is 
finite. □ 

Remark 2.3. If C2 is positive on ^4(A)\{0} or if A(X) is rational polyhedral, 
then since we can find an ample divisor H such that Aut A = Aut (A, if), 
Aut A is finite Q26J). Consequently if the Morrison Cone Conjecture is true 
for C-Y 3-folds A, A(X) is rational polyhedral if and only if Aut A is finite. 

We study birational contractions of type III whose exceptional divisors are 
non-normal. If the Morrison Cone Conjecture is true, we can bound the 
numbers Ef and Ei ■ c<i for % G I . In fact, for non-normal exceptional divisors 
Ei we can prove (without assuming the Morrison Cone Conjecture): 
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Proposition 2.4. 7 - 7h 1 ' 2 (X) < Ef < 7 and -2 < E { ■ c 2 < Qh^ 2 {X) - 2 
for all i & I such that Ei is non-normal. 

Proof. Fix i £ / such that Ei is non-normal and let E, C denote E iy Ci 
respectively. Since E is non-normal, E is semismooth and Co := Sing(i?) 
is an irreducible smooth curve, which gives a section of E — > C (|2Zj)- Let 
ip : Z —>■ X , E' and D be the blowup along Co, the strict transform of E on 
Z and the exceptional divisor of tp respectively. Let us also define p := i/j\e' 
and C := p _1 (C ) with the reduced structure. By local calculation, we can 
check easily that p gives the normalization of E and that D and E' meet 
transversally, in particular, D\e> = C' Q . Let E' — > C" — >• C be the Stein 
factorization of the morphism E' E C, then we know that £" is a 
P 1 -bundle over a smooth curve C and C" — > C is a double cover. From these 
facts, we know that C is a section of the P 1 -bundle. 

Let F be a ruling of the Hirzebruch surface D over Cq. Because i/)*E\u ■ 
F = 0, ^*.E|£> is numerically proportional to F on Z) and so = (ip*E) 2 ■ D. 
Then we have 

= E' 2 ■ D + AE' ■ D 2 + AD 3 . 
Furthermore because of Kz = D and the adjunction formula, we obtain 

8(1 - (7(C)) = K%, = D 2 ■ E' + 2D ■ E' 2 + E'\ 

2g(C) -2 = {K E > + Co) • C' = 2D 2 ■ E' + E' 2 ■ D 

and 

8(1 - g{C)) = K 2 D = AD\ 
By these equalities, we get 

E 3 = (E' + 2D) 3 = 7- 3g{C) - Ag(C). 

By the fact that g{C) < h 1 ' 2 ^) ([!), we get the bound of E 3 . On the other 
hand, because every fiber of <p\e '■ E — >• C is a conic we have W^Oe = for 
i > 0. Thus we know x(@e) = x(®c) an d therefore 

E ■ c 2 = 12 X (O e ) - 2E 3 = 60(C) - Ag(C) - 2 

by Lemma HQA We use g(C) < h 1)2 (X) again to obtain the bound of E ■ 
c 2 . □ 
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Remark 2.5. We use the notation in the proof above. It seems worthwhile 
to restate the following formulae, that is, E 3 = 7 — 3g(C) — 4p(C) and 
E-c 2 = Qg(C')-4g(C)-2. 

Conjecture 2.6. (cf. Problem 3, \Wp 

(i) Let p> : X — > Y be a contraction such that <p*A(Y) C A(X) e . Then the 
cardinality of the set of such (p is finite. 

(ii) Let ip : X — > Y be a contraction such that <p*A(Y) C A(X) e . Then 
A{Y) is rational polyhedral. 

If Aut X is finite, the Morrison Cone Conjecture implies that the nef cone 
A(X) is rational polyhedral. Hence obviously Conjecture 12.61 is true for such 
X (modulo the Morrison Cone Conjecture). If AutX is infinite, then by 
Conjecture 12.61 we can expect the shape of the nef cone A(X) is complicated 
near A(X) D (see also the argument after Problem IH.lOj) . 

If we have a bound of the number Ei ■ c 2 for i 6 /, Conjecture I2.6f i) is 
affirmative in the case when ip is a birational contraction of type III, due to 
Lemma |l.8f i). 

Theorem 2.7. Conjecture \2. bV i) is affirmative in the following cases: 

(i) ip is a fiber space ({19}). 

(ii) ip is a birational contraction of type III whose exceptional divisor is 
non-normal. 

Theorem 2.8. Conjecture \2. bV ii) is affirmative in the following cases: 

(i) p is a fiber space. 

(ii) Assume that the Morrison Cone Conjecture holds true and ip is a bira- 
tional contraction. 

Proof, (i) We may assume p(Y) > 2 so in particular dimF = 2. By our 
assumption and Theorem I2.7( i) we know that Y admits at most finitely 
many contractions. By Theorem 3.1 in ^7] there exists a nonzero effective 
divisor A = Yl a iDi (a^ > 0, D{ a prime divisor) such that (Y, A) is a kit 
pair and Ky + A = 0. Let R = K>o[z] be a geometrically extremal ray of the 
cone NE(Y), where z is a real 1-cycle (by the definition of a geometrically 
extremal ray, if z\ + z 2 G R for Zi,z 2 G NE(Y) we have Zi, z 2 G R. Of course 
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an extremal ray in the Minimal Model theory is geometrically extremal). 
Note that R is a .fTy-extremal ray if Ky • z < 0, and R is a Ky + A + eD r 
extremal ray for some i and < e <C 1 if Ky ■ z > 0. Now we prove that 
A{Y) is rational polyhedral by the induction for p(Y). Denote the set of 
the geometrically extremal rays R with R C Ky by S. If 5 = we have a 
contraction / : Y —>■ Z for any geometrically extremal rays R such that / 
contracts only R. So the proof is done by Theorem I2.7f i). Hence we may 
assume 5^0. Pick R(— W> [z}) G S. It is enough to show that we can 
take the real 1-cycle z as a rational one and S is a finite set. Since the cone 
NE(Y) is generated by the finitely many i^y-extremal rays and the subcone 
NE(Y)k y <o, there exists a contraction /(= /r) : F — > Z associated to a Ky- 
extremal ray such that R> [z] + R> [F] = n ~NE(Y), where F is a 

curve contracted by / and L is a nef M-divisor on Z. We can check that f*R is 
a geometrically extremal ray of the cone NE(Z) by using the exact sequence 
-> (I f ])r -> N i( Y ) -> N i{ z ) -> 0. Hence by the induction hypothesis 
(the finiteness of geometrically extremal rays of NE(Z)), there exists only 
finitely many Ri G S such that fu = (here note that f*Ri = /*i?2 
implies R\ = R2 for R\ , R2 G S) . Moreover since we may assume that 
f*z is a rational 1-cycle by the induction hypothesis (the rationality of the 
geometrically extremal rays of NE(Z)), combining the short exact sequence 
above with the fact Ky ■ z = and Ky ■ F G Q<o, we can conclude that we 
may take z as a rational 1-cycle. Use Theorem 12. 7f i) again, we have that the 
set {/r}rg5 is finite and in particular S is finite. This completes the proof. 

(ii) We may assume that (p is primitive. Put Ba := {ct G AutX | a* A C 
(p*A e (Y)} for a codimension 1 face A of n and B := UaciiBa, where A 
runs through every codimension 1 face of n. Then we have 

p*A(Y) = (p*A e (Y) = |J (ajl n <p*A e (Y)). 

Here we take the closure in the relative topology of the real vector subspace 
((p*A e (Y)) C iV^X). Hence it is enough to prove that Ba is a finite set for 
every A. Fix a codimension 1 face A such that Ba 7^ 0. Replace n with a^n 
for some a G Aut(X) if necessary, then we may assume that A C ip*A e (Y). 
First we look for classes of ample divisors on Y on which <p*C2 takes minimum 
value and whose pull back on X belongs to A. Since ip*A(Y) C c 2>0 , there 
are only finitely many such and by adding these together and pulling it 
back on X, we get a nef and big divisor H on X. Of course [H] G A 
by the definition. Note that the set {la*H]} a( z BA is finite and so put this 
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by {[ai^if], . . . , [a^i?]}, where a, G Ba- It is straightforward to see that 
E>a = Iir=i a i " Aut(X, H). Therefore we know that Ba is a finite set by 
Lemma \2. 21 and the proof is done. □ 

3 The structure of certain C— Y 3-folds with 
infinitely many divisorial contractions 

The main results of this section are Theorem 13.61 and Corollary 13.91 We use 
the following notation and terminology. 

(i) Let X be a normal projective variety such that Ox{Kx) — Ox- We 
denote by u>x a generator of H°(X, Ox{Kx))- A finite automorphism 
group G is called Gorenstein if g*uix = for all g G G. 

(ii) Suppose we have a faithful finite group action G on a variety X. Put 
X° := {x G X | g(x) = x] for g G G; X& := U ffeG \ { i } X " ■ 

(iii) Put ( n := exp(2ni/n), the primitive n-th root of unity in C. Denote by 

the elliptic curve whose period is ( in the upper half plane. Let us 
recall the following pairs of an abelian 3-fold and its specific Gorenstein 
automorphism group: the pair (A s ,g 3 ), where A 3 is the triple product 
of E$ 3 and #3 is its automorphism diag(C3, C3> C3) an d the pair (A 7 , g 7 ) is 
the Jacobian 3-fold of the Klein quartic curve C = (xqx\+x\X2+X2x\ = 
0) C P 2 and g? is the automorphism of Aj induced by the automorphism 
of C given by [x : x\ : x 2 ] h-> [(7^0 : (fai '■ (7X2}- We call (^3,5-3) a 
Calabi pair and (A 7 ,g 7 ) a Klein pair. 

Definition 3.1. Let W be a normal projective surface over C with at most 
kit singularities. We call W a log Enriques surface if h}(Ow) = 0, mK w = 
for some positive integer m. We call the integer I(W) := minjm G Z >0 | 
mKw — 0} the global canonical index of W. 

We construct C-Y 3-folds with infinitely many birational contractions from 
certain log Enriques surfaces in Section 0] 

Definition 3.2. Let (p : X — > Y be a contraction from a C-Y 3-fold X 
and a divisor L on X the pull back of an ample divisor on Y. We call <p 
a C2- contraction if L ■ c 2 = 0. For example, a fibration : X — >• P 1 is a 
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C2-contraction if and only if the general fiber is an abelian surface. Moreover 
for an elliptic fibration ip : X — > W, it is a C2-contraction if and only if W 
is a log Enriques surface by (we do not have to assume there that X 
is simply connected). There exists a unique C2-contraction (p : X — > Y 
such that every C2-contraction p : X — > Y on X factors through (po (see 
Lemma- Definition (4.1), [2HD- We call po the maximal c<i- contraction. 

We have the beautiful classification of C-Y 3-folds which admit either a 
birational C2-contraction or an elliptic C2-contraction, due to K. Oguiso (see 
20j). It plays an important role to prove Theorem 13.61 The following result 
is coarser than the Oguiso's original classification. 

Theorem 3.3 (Oguiso). (i) Let p : X — > Y be a non-isomorphic bira- 
tional C2- contraction. Then ip is isomorphic to either one of the follow- 
ing: 

(a) The unique crepant resolution $7 : X 7 — > X? := Aj/ (g?) of X-j, 
where (A 7 ,g 7 ) is the Klein pair. 

(b) The unique crepant resolution $3 : X 3 — > X 3 := A 3 / (g 3 ) of X 3 , 
where (A 3 ,g 3 ) is the Calabi pair. 

(c) The unique crepant resolution $ 3ji : X 3 i — > X 3ji of X 3 i , {i = 1, 2), 
where X 3 i is an etale quotient of X 3 . 

(ii) Let p : X — > W be an elliptic C2- contraction. Then ip is isomorphic to 
either one of the following: 

(a) One of the relatively minimal models over W 3 of 

p 12 : .V,, - X, " > W 3 , 

where $3 : X 3 — > X 3 is as above and p is an elliptic fibration on 
X 3 . 

(b ) An elliptic fiber space structure on an etale quotient of an abelian 
3-fold. 

(c) One of the relatively minimal models over W 3il of 

K 3,l : — h> X 3 ^i — ► W 3t i, 

where $3^ : X 3il — > X 31 is as above and H is an elliptic fibration 
on X 3)1 . 
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(d) One of the relatively minimal models over S/G of 

i):Y ^ (Sx E)/G ^ S/G, 

where S is a normal K3 surface (namely its minimal resolution 
is a smooth K3 surface), E is an elliptic curve, G is a finite 
Gorenstein automorphism group of S x E whose element is of 
the form (gs,gE) E Aut S x AutE and v is a crepant resolu- 
tion of (S x E)/G. Slightly more precisely, G is of the form 
G = H xi (a), where H is a commutative group consisting of ele- 
ments like h = (hs, He) such that ord(hs) = ord(hE) = ord(h) and 
He is a translation, furthermore the generator a of (a) is the ele- 
ment of the form (as, C7(w)) suc ^ that a* s us = 0(w)^s- Moreover 
I(W) E {2, 3, 4, 6}. 

For a contraction <p : X — > Y on a C-Y 3-fold X, we define M(ip) := [i G 
/ | Ei • C — for all curves C such that (p(C) is a point }. 

Lemma 3.4. (i) Let (p : X — > Y be a primitive birational contraction on 
a C-Y 3- fold X . Denote the extremal ray corresponding to ip by R. 
Then the set 

L(<p) := [i E I | R C Vi and (f(Ei) is a Q-Cartier divisor on F} 
is finite. 

(ii) Let ip : X — > Y be a (not necessarily primitive) birational contraction 
on a C-Y 3- fold X. The set 

M(<p) := {i E M(<p) | Ei n Exc(v?) ^ 0} 

= {i E I | Ei n Exc(v?) ^ and E t = in N l (X/Y)} 

is finite. 

(Hi) Suppose that we have the following diagram: 
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where tp, ip are contractions on C-Y 3-folds X, Y and <3> is a birational 
map over W . Then for general i G M(tp), Ei is contained in the 
isomorphic locus of $. In particular, \M(cp)\ = oo is equivalent to 
\M(ip)\ = oo. 

Proof, (i) Assume that L(cp) is infinite. We can take 1,2 6 L{ip) such that 
Ei DE 2 ^ 0. Since R C V x r\V 2 , the class of 1-cycle [Ei-E 2 ] belongs to R and 
so dmnp{Ei\^E 2 ) = 0. Hence dim<yj(_E 1 ) n<p(E 2 ) = 0. This is a contradiction 
because <p(Ei) and <p(E 2 ) are Q-Cartier divisors. 

(ii) Let Ri, . . . , R n be the generators of the cone NE(X/Y), namely ex- 
tremal rays, and consider that ipk is the extremal contraction corresponding 
to R k . It is enough to check that M{tp) C ULi H^k)- Pick G M(tp). Then 
there exist an integer k and an irreducible curve C such that C C E and 
[C] G Rk- Thus Rk C Vo. Now since ipk(Ei) is a Cartier divisor for i G M(<p), 
we obtain the statement. 

(iii) Note that $ is a composition of flops over W. Apply (ii) for each 
flopping contraction, then we obtain the statement. □ 

Lemma 3.5. We use the notation in Theorem Neither X 7 , X 3 , X 31 
nor X 3 2 admits infinitely many contractions of type III. 

Proof. Let $3 be the unique crepant resolution of X3. $3 is a composition 
of birational contractions of type II (cf. !,18 ). Pick % G Ix 3 , if any. Then 
$3(i?j) fl SingX 3 7^ because X 3 is a quotient of an abelian 3-fold. Since 
SingX 3 = $ 3 (Exc($ 3 )), we have E { n Exc($) 7^ 0, which implies % G L(ip) 
for some contraction ip of type II. Hence if Ix 3 is infinite, there exists a 
birational contraction ip of type II on A3 such that L{iji) is infinite. This 
is absurd. In the cases of A 31 and A 3 2 , the same proof as above works, 
since A 31 , A 3 2 are etale quotients of A 3 . Next let $7 be the unique crepant 
resolution of X 7 . Then Exc($7) = E% U E 2 U E 3 , each Ej is a Hirzeburch 
surface of degree 2 and these divisors are crossing normally each other along 
the negative sections (cf. [TH]) (thus v a G R> [-F 6 ], v b G E> [-F c ], v c G M> [-F a ] 
for some a,b,c with {a,b,c} = {1,2,3}). Because A 7 is a quotient of an 
abelian 3-fold, E { n {E 1 U E 2 U E 3 ) ^ for all % G I Xr - Furthermore if E { 
intersects E a and if V{ ^ M^ofi 7 ?,], v% G IR^of-Fa], since v i G V a fl E^ . So in this 
case Ei intersects E a and E c , does not intersect E b . By this way, we know 
that every Ei intersects precisely two of E\, E 2 and E%. Assuming that Ix 7 is 
infinite, we can find a divisorial contraction ip which contracts either Ei,E 2 
or £^ 3 , such that L{iji) is infinite. So we obtain a contradiction. □ 
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Theorem 3.6. Assume that I C2 =o{= Ix,c 2 =o) := ^ Ix \ Ei ■ C2 = 0} is 
infinite. Then the following hold. 

(i) We have an elliptic c^- contraction <p : X — > W and ip fits in the case 
of (ii){d) in Theorem \3.!A that is, we have the following diagram: 




W = S/G^(S x E)/G, 

where Y , S, E, G, ip, v and fi are given there. Let r : S x E — > 
(S x E)/G be the quotient morphism. Then the normal K3 surface S 
contains infinitely many smooth rational curves {1} such that 

(a) r(l xE)f] Sing(^ x E)/G = 0, and 

(b ) {J g€ G g ■ I is contractible at the same time by a birational contrac- 
tion on S . 

(ii) Let $ denote the birational map between X and Y overW in (i). Then 
for general i G I C2 =0; Ei is contained in the isomorphic locus of the 
birational map v o $ and Ei = r(l x E) under this isomorphism for 
some smooth rational curve I on S satisfying (a) and (b) in (i). 

Proof, (i) Let us denote by (p : X — > W the maximal C2-contraction (a priori 
W may be a point). 

Claim 3.7. For a general i G I C2 =o, i £ M(ip). 

Proof. If not, by Proposition II .101 we can take 1, 2, 3 G I C2= o\M(<p) such that 
some multiple of E± + Ei + E3 determines a C2-contraction, which factors 
through ip. By the choice of 1,2,3, there exists one of the elements 1,2,3, 
say 1, and there exists an irreducible curve C on X such that <p>{C) is a 
point and E% • C > 0. By the proof of 11.101 we can pick 4, 5 G I C2 =o\M(<p>), 
different from 1, 2, 3, such that some multiple of E1+E4 + E5 determines a C2- 
contraction, which factors through (p. Thus there exists one of the elements 
4, 5, say 4, such that E4 ■ C < 0. By the same procedure, we have infinitely 
many elements i G I C2= o\M(ip) such that E^ • C < 0. This is a contradiction 

with mm □ 
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When dim W = 1, at most finitely many E{ (i G /) are contracted to a point 
on W by <p, so M(tp) is finite. Hence we have dim W > 2. If is isomorphic, 
A(X) C and in particular c<i = 0. In this case, X is an etale quotient of an 



Abelian 3-fold by jH] and it never admits birational contractions. Combining 



Theorem 13 . 31 with Lemma HOIm) and Lemma \'3. 51 we know that <p fits in the 
case (ii)(d) of 13.31 and |M(-?/>)| = oo. Furthermore |M(^)| = oo implies that 
the set {i G I(Sxe)/g \ E { H Sing(£ x E)/G = 0} is infinite byE^ii). Here 
we use the equality Sing(S' x E)/G = v(Exc(v)). Note that every primitive 
birational contraction on SxE is the form as fxid,E, where / is a contraction 
of a single smooth rational curve on S. Thus we have the conditions (a) and 



Remark 3.8. (i) Assume that Theorem I3.6f i) holds. Then we have an 
infinite set {% E M(fx) \ EinS'mg(S x E) / G = 0}. Using LemmaCTiiil. 
we know that Ix,c 2 =o is infinite. Namely l3.6f i) is a characterization of 
C-Y 3-folds X with |/x,c 2 =o| = oo. 

(ii) Because (Sing S x E) U (S x E)W = r" 1 Sing(5' x E)/G by the purity of 
branch locus, the condition (a) in IH.fjf i) is equivalent to the condition 



Corollary 3.9. The set I C2 =o is finite up to AutX. 

Proof. We may assume that I C2 =o is infinite. Now X is birational to (S x 
E)/G via vo $ as in Theorem 13.61 Consider the minimal resolution 5" — ► S. 
We may assume that Y is obtained as a crepant resolution u' : Y — > (S' x 
E)/G, that is, v factors through v' . The existence of v' is guaranteed by 
[2*Tj . By I3.6r ii) and Claim l3~71 for general i G I C2 =o, Ei is contained in the 
isomorphic locus of v' o $ and £7, is isomorphic to the image on (5" x E)/G 
oil x E for some smooth rational curve I on S' . On the other hand, the set 
I(S'xE)/g is finite up to Aut(S" x E)/G by Theorem (2.23) in j20] (note that 
the proof of Theorem (2.23) in [20] works even if G does not act on 5" x E 
freely). Therefore the set I C2= o is finite up to Bit X. By the proof of Lemma 
(1.15) in the set / C2 =o is finite up to Aut X. □ 

As we mention in the Introduction, the following problem seems worthwhile 
to think about. 



(b). 



(ii) This follows from 13 -4r ii) and I3.4lf iii^ . 



□ 



(a)' (/ x E) n ((Sing S x E) U {S x E) [G] ) = 0. 
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Problem 3.10. Assume that Aut A is infinite and its Picard number p(X) 
is sufficiently large. Then does A admit a nontrivial C2-contraction? 

Coni ect ure 12 . 61 savs that if Aut X is infinite the shape of A(X) is complicated 
near A(X) flc^. We expect that this "complexity" produces a rational point 
on A(X) PI c^"\{0} and some multiple of the divisor corresponding to the 
rational point defines a C2-contraction. In fact when we study the structure 
of C-Y 3-folds X with |/ C2 =o| = oo in Theorem 13.61 we showed the existence 
of an elliptic c 2 - contract ion on X by Proposition II. 101 

4 Construction of C— Y 3-folds with infinitely 
many birational contractions 

The aim of this section is to give construction of C-Y 3-folds with infinitely 
many birational contractions of type I or III from certain log Enriques sur- 
faces. First of all, given a log Enriques surface W with I(W) G {2, 3, 4, 6}, we 
construct a C-Y 3-fold X with a c 2 -contraction <p : X — > W. Let q : S — > W 
be the global canonical cover and denote by G = (a) (= Z/I(W)Z) the Ga- 
lois group of q. The S may be an abelian surface in general but here we 
assume that S is a normal K3 surface (this assumption is satisfied, for ex- 
ample, if W contains a contractible smooth rational curve. Here a curve m 
on W is said contractible if it is contracted by a birational contraction and 
this is equivalent to m? < 0). Let E be an elliptic curve such that E has 
an automorphism of order I(W) which fixes the origin. Suppose that the 
generator a of G satisfies that a*u>s = Ci{W)Ws- Then define the action of 
a on E as a(x) = Ci(w) x f° r x E E. Then G gives a Gorenstein action 
on S x E. Take the minimal resolution S' — > S, then G acts on S' and 
we know that (5" x E)/G is a C-Y model. By j2I] there exists a crepant 
resolution v' : X — > (S" x E)/G. Of course this A is a C-Y 3-fold and 
<p : A -> (S' x E)/G -> (S x E)/G -> S/G = W is an elliptic c 2 -contraction. 

For a log Enriques surface W, let us denote by Ejy the locus of kit points 
on W which are neither RDP's nor smooth points. 

Proposition 4.1. Let (p : A —> (S' x E)/G S/G = W be as is constructed 
from W above. Suppose that there exists a contractible smooth rational curve 
m on W . 
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(i) Assume that m D = 0. Then there exists a contraction of type III 
on X contracting a prime divisor D such that <p{D Q ) = m. 

(ii) Assume that m D £w 7^ 0. Then there exists a contraction of type I on 
X contracting an irreducible curve m such that tp(mo) = m. 

Proof. Let r' : S' x E — > (S" x E)/G be the quotient morphism. Moreover let 
/ be an irreducible component of q~ 1 m and denote by V the strict transform 
of I on S'. Put D := r'(Z' x E). In the first case, because V H S" [G] = we 
know that D n Sing(5" x E)/G — 0. Furthermore since m is contractible on 
PF, U 9 eG 9 ' I' * s contractible on 5" and in particular, D is contractible by a 
birational contraction of type III on (5" x E)/G. Hence v'~ x D gives a desired 
divisor D . In the second case, we have (I x E) fl (S x _E)1 G 1 7^ (we prove 
the contraposition of this in the proof of Proposition 14.41 below) and D is an 
exceptional divisor of a contraction of type III, since {J g€ c 9'^' ls contractible 
on S' . Moreover D contains a point y e r'((S' x E)^) such that y is over a 
point in m fl S^y by the morphism ji. Note that dim(S" x E)^ fl (V x E) = 0. 
Because the problem is local, we may assume that {y} = (Sing(S" X E)/G)n 
D. Let 

X =: X Xi ■ ■ ■ X n := (5' x 

be a primitive decomposition of v' and let us denote by m n the unique irre- 
ducible curve passing through y, of the form r'(V x {z}), where z is a point 
in E^. Suppose that Di (resp. rrii) stands for the strict transform of D 
(resp. m n ) on X{. Let V be an irreducible component of v'~ x y such that 
K (1 5o 7^ 0. When dimV^ = 2, we have dimV^ fl D = 1. If every compo- 
nent V such that V fl -D 7^ is 1-dimensional, the equality v'*D ■ V = 
implies that V C D , hence dim^nD = 1 (note that D is not contractible 
any more by a divisorial contraction on X, since the dimension of the image 
of the map Ni(Dq) — > N\(X) is more than 2 (cf. Fact (iii))). Therefore 
there exists an integer k > 1 such that dim^T +1 • • -tp^y D D k = and 
dimT/^7 1 ■ • -ip^y PI -Dfe_i = 1. The following claim comes from the general 
theory and we leave the proof to the reader, since it is an easy exercise. 

Claim 4.2. Let f : X Y , g : Y ^ Z be primitive birational contractions 
between C-Y models. Suppose that the strict transforms f~ l l of all curves 
I contracted by g are numerically proportional. Then if g is of type I (resp. 
of type III), there exists a contraction f of type I (resp. of type III) over Z 
such that f~ l l are contracted by f. 
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We apply the claim repeatedly and then we have a contraction of type III 
on Xk, if> '■ Xk — > Z, such that Exc(^) = D^. Let Ck-i be an irreducible 
curve on Xk-i such that Ck-i C ipf^ 1 ■ ■ -ip^V ^ Afc-i- Then we know that 
NE(Xk-i/Z) is generated by M>o[Cfc_i] and R>o[mfc_i]. The latter extremal 
ray determines a contraction of type I on X^-i and using the claim again, we 
obtain a contraction of type I on X whose exceptional set consists of m . □ 

Consider a log Enriques surface W with I(W) G {2, 3, 4, 6} such that W con- 
tains infinitely many contractible smooth rational curves. Then by Propo- 
sition 14.11 we can construct a C-Y 3-fold X with infinitely many birational 
contractions of type I or type III. 

Example 4.3. (i) See the nice survey, [TT], by S. Kondo and its references 
for the details of the following. Due to E. Horikawa we know that the 
moduli space M. of Enriques surfaces is 10-dimensional. The moduli 
space M of Enriques surfaces which contains at least one smooth ratio- 
nal curve is an irreducible subvariety of codimension 1 in M.. Enriques 
surfaces whose automorphism group is finite are classified by S. Kondo 
and the moduli of them consists of seven families {JFj}J =1 and each fam- 
ily is at most 1-dimensional. On the other hand for Enriques surfaces 
W , Aut W is finite if and only if W contains at least one but at most 
finitely many smooth rational curves. Consequently there exists the 
9-dimensional moduli space, Af\ ljj=i whose elements are Enriques 
surfaces which contain infinitely many smooth rational curves. 

(ii) Let Ei, E 2 be elliptic curves which are not mutually isogenous and S' 
the Kummer surface associated to the abelian surface EixE 2 . Consider 
the involution a on S' induced by the involution (x, y) \— > (x, —y) on 
Ei x E 2 . Let {Fi}f =1 (resp. {Ef}f =1 ) be the smooth rational curves 
on Ei x E 2 j{— 1) which are the images of {x} x E 2 (resp. E\ x {y}) 
by the natural map E\ x E 2 — > Ei x E 2 /(— 1), where x G E\ (resp. 
y G E 2 ) is a point of order 2. Then the fixed locus 5" a consists of 
the eight, disjoint smooth rational curves f^F^ f~ 1 E[, where / is 
the minimal resolution of E\ x E 2 /(— 1). Because the every generator 
of the Picard group of S' is fixed by the involution a, every smooth 
rational curve I' is also fixed, that is, a ■ I' = I'. Contract the eight 
smooth rational curves f* 1 F i , f~ x F[ on 5" and we get a normal K3 
surface S with eight Ai-singularities. The group action of (a) on 5" 
descends to the group action on S and let us use the same letter (a) for 
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this action. Then we obtain a log Enriques surface W := S/ (a) which 
contains infinitely many contractible smooth rational curves {m} such 
that mdEiy 7^ 0. Here we use the fact that every Kummer surface 
has the infinite automorphism group and so in particular, it contains 
infinitely many smooth rational curves. 

I do not know any example of rational log Enriques surface W which contains 
infinitely many smooth rational curves {m} such that m fl = 0. 1 
The following statement is the converse of Proposition 14.11 . 

Proposition 4.4. Suppose the conditions in Theorem VJ.bV i) hold. Then the 
log Enriques surface W = S/G contains infinitely many contractible smooth 
rational curves {m} such that m = (p{E/) and m fl Svk = 0. 

Proof. Because G = H x (a) as is in (ii) (g?) in Theorem 13 .'d\ we can decompose 
the quotient morphism S — > W as follows: 



Note that T is a normal K3 surface, for if is a Gorenstein group acting on S 
(and notice that H was trivial in the argument before Proposition 14. lj) . In 
particular, T has at most RDP's. 

Claim 4.5. I n S h ' ai = for all heH, alii ^ modulo I{W). 

Proof. The condition Remark ECTaV implies that (Ix£)n(Sx E)^ = 0. 
Therefore if E h ' a% ^ for all h 6 H, all z ^ modulo I(W), we know that 
/ fl S h ' al = 0. In fact this hypothesis is true, since the morphism idE — a 1 on 
E is surjective. □ 

It is straightforward to see that 



Thus we have p(l)nT^ = 0. On the other hand because W\q(T^) has at 
most RDP's, q o p{l) n Ejy = 0. Since q o p{l) is contractible by an extremal 



1 If a log Enriques surface W satisfies such conditions, the minimal resolution of W 
contains infinitely many —2 curves. I found an example of a smooth rational surface 
containing infinitely many —2 curves but unfortunately my surface is not the minimal 
resolution of log Enriques surface. 



s 



p 



T := S/H 1 S/G = T/(a)^W . 




contraction on W, q o p{l) = P 1 . 



□ 
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In summary, for a given C-Y 3-fold X with |/ C2 =o| — 00 there exists an elliptic 
C2-contraction tp : X — > W. Here W is a log Enriques surface with I(W) G 
{2,3,4,6} which contains infinitely many smooth rational curves {m} such 
that m fl Svk = and m = ^(-E'i) for some % G / C2 =o- Conversely, for a given 
log Enriques surface W with /(W) G {2,3,4,6} which contains infinitely 
many smooth rational curves {m} such that mn'E w = 0, there exists a C-Y 
3-fold X with |/ C2 =o| — 00 which admits an elliptic c 2 -contraction <p : X — > 
W 7 . 
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